Singularly perturbed problems are often used as the models of ecology and epidemiology. In this paper, a class of semilinear singularly perturbed systems with contrast structures are discussed. Firstly, we verify the existence of heteroclinic orbits connecting two equilibrium points about the associated systems for contrast structures in the corresponding phase space. Secondly, the asymptotic solutions of the contrast structures by the method of boundary layer functions and smooth connection are constructed. Finally, the uniform validity of the asymptotic expansion is defined and the existence of the smooth solutions is proved.
Introduction
Contrast structures in singularly perturbed problems can be classified as step-type contrast structures or spike-type contrast structures [1] [2] [3] . The existence of contrast structures is relevant to the existence of homoclinic orbits and heteroclinic orbits of their associated systems in [4] [5] [6] . Recently, contrast structures in singularly perturbed problems are attached great importance. Ni and Wang study four-dimensional contrast structures in singularly perturbed problems with fast variables in [7] . In [8] , Wang considers a kind of step-type contrast structure for singularly perturbed problems with slow and fast variables and proves the existence of a heteroclinic orbit of its associated system in the corresponding phase space.
Since contrast structures can express the instantaneous transformation more accurately, we often use them in singularly perturbed problems as the models of the collision of cars and the transfer law of neurons. In [9] , a kind of epidemical model with spike-type contrast structures is proposed. Chattoadhyay and Bairagi build an ecoepidemiological model in [10] 
where is a diffusion coefficient, Ω is a population habitat, is susceptible prey, V is infected prey, is density of predators, and is a unit outer normal vector. By geometric methods and functional skills, Chattoadhyay and Bairagi study the existence of ( ), which is a stable solution. Considering the complexity of the ecoepidemiological model and the small parameter , we propose the following semilinear singularly perturbed system with contrast structures: 2 Discrete Dynamics in Nature and Society
where 0 < ≪ 1, 0 ≤ ≤ 1, the functions 1 , 2 , 3 , and are sufficiently smooth on the domain G = {( , V, , , ) | ‖ ‖ ≤ 1 , ‖V‖ ≤ 2 , ‖ ‖ ≤ 3 , ‖ ‖ ≤ 4 , 0 ≤ ≤ 1}, and ( = 1, 2, 3, 4) are given positive real numbers. Assuming that y = ( , V, ) and f = ( 1 , 2 , 3 ) , system (2) is equivalent to the following system:
The degenerate equations of (3) are f (y, , ) = 0, = (y, , ) .
In the following, we let (A1) the degenerate equation f(y, , ) = 0 have two isolated smooth solutions y = ( , ) and y = ( , )
, and 5 is a given positive real number.
According to (A1), the initial value problem
has the unique solution (−) ( ) in [0, 1], 0 < 0 < 1, and
has the unique solution
The associated system of (3) isỹ
whereỹ( ) = (̃( ),Ṽ( ),̃( )) and and are parameters. Obviously, system (7) exhibits two families of equilibrium points 1 ( ( (−) , ), (−) , ) and 2 ( ( (+) , ), (+) , ). Assuming that ( ) =ỹf(ỹ, , )| , = 1, 2, we can classify sixteen cases (can be seen in [11, 12] ) on relations between (A2) Assume that ( ) has three real-valued eigenvalues and satisfies the inequality 1 < 2 < 0 < 3 .
By (A2), system (7) may exhibit a heteroclinic orbit connecting 1 to 2 . To give the necessary conditions about the existence of a heteroclinic orbit, we introduce the following hypothesis:
(A3) The associated system (7) has two manifolds expressed by (ỹ,̃, ) = , = 1, 2.
The manifold crossing through 1 is
The manifold crossing through 2 is
According to (8) and (9), the necessary conditions about the existence of heteroclinic orbits can be obtained by
By (A3), (8) and (9) can be expressed bỹ
Supposing that
we can give the following hypothesis:
(A4) Assume that (12) has a solution of = 0 , and
In accordance with (A4), we can realize that ℎ ( 0 ) = 0, namely, there exists a heteroclinic orbit connecting 1 and 2 .
Lemma 1. Under conditions (A1)-(A4)
, the associated system (7) has a heteroclinic orbit connecting 1 and 2 , which is expressed by (10) and (12) ; therefore, system (3) has the solution with interior layer.
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The Construction of Asymptotic Expansion
In accordance with (A1)-(A4), system (3) has a step-like solution from ( ) to ( ). Hence, we can suppose that
where * is the transit point from ( ) to ( ) and and x * , = 1, 2, . . ., are undetermined coefficients. The interior-layer solution of system (3) can be divided into two parts. The left problem is (0 ≤ ≤ * )
The right problem is ( * ≤ ≤ 1)
The step-like contrast structure of (3) can be regarded as the smooth connection at the point of * by two solutions of (14) and (15). Let x = ( , V, , ) , and by the method of boundary layer functions [8] [9] [10] , the asymptotic expansion of (14) can be constructed as follows:
Also, the asymptotic expansion of (15) can be constructed as follows:
where x (±) ( ) are the coefficients of regular series, x( 0 ) are the coefficients of left boundary layer series, x( 1 ) are the coefficients of right boundary layer series, and (±) x( ) are the coefficients of interior-layer series.
Putting (16) and (17) into (14) and (15), and separating equations by scales , 0 , , and 1 , then x
By (A2), we can obtain that
0 = (+) ( ), and y
, where (±) ( ) are functions about and 0 and 0 is an undetermined constant.
For
By (20), we can solve 
Obviously, systems (21) and (23) coincide with the associated system (7), so we can consider their combined system
By (A1), (A2), and (A3), system (24) has a solution, which is a heteroclinic orbit connecting 1 ( ( 0 ),
. On the basis of (A4) and (10), the value of 0 can be confirmed, so
By (25), we can solve 0 ( 0 ) ≡ 0. Assuming thatỹ = (0) + 0 y( 0 ), (25) can be rewritten as
For 0 x( 1 ), we have
0 (1) + 0 ( 1 ) , 1) ,
According to (27), we can solve 0 ( 1 ) ≡ 0. Supposing that y = (1) + 0 y( 1 ), (27) can be rewritten as
0 (1) , 1) ,
Equations (26) and (28) coincide with the associated system (7). By (A1), systems (26) and (28) have the equilibrium points
0 (1),1), respectively. We will give the following hypothesis to obtain the solution of systems (26) and (28): (A5) The initial values̃(0) = 0 andṼ (0) = V 0 are intersected with the one-dimensional stable manifold (̃1(0)) near the equilibrium point̃1, and the initial valuẽ(0) = 1 is intersected with the onedimensional unstable manifold (̃2(1)).
By (A1)-(A4) and (20)-(24),
0 x( ) is solved, which decays exponentially as → ±∞. Then, by (A5) and (25)- (28), we can solve 0 x( 0 ), which decays exponentially as → +∞, and 0 ( 1 ), which decays exponentially as → −∞. So, the following conclusion is obtained.
Lemma 2. Under conditions (A1)-(A5) and (20)-(28), there exist the interior-layer functions
(±) 0 x( ) and the boundary layer functions 0 x( 0 ), 0 x( 1 ), which satisfy the following inequality:
where and ( = 0, 1, 2, 3) are all positive constants. Now, the coefficients of zero-order terms for (16) and (17) For x (±) ( ), we can obtain (y
where functions f , f , , and take value at (y
0 , ), while ℎ ( ) and ( ) are known functions about y ( ), ( ) ( = 0, 1, 2, . . . , − 1). On the basis of (A6) and the first equation of (30), we can ascertain
Inserting y (±) ( ) into the second equations of (30), (±) ( , ) is solved, where is an undetermined coefficient.
For x( 0 ) ( = 1, 2, . . .), we can obtain
wheref ,f ,̃, and̃take value at ( (0) + 0 y( 0 ), 0 (0) + 0 ( 0 ), 0), ( ) is a known vector function about x −1 ( ) and −1 x( 0 ), and −1 ( 0 ) is a known vector function about x −2 ( ) and −2 x( 0 ). By the second equation of (32), we can solve
By the above condition and (28), x (±) ( ) is confirmed; similarly, we can solve (32).
For
(±) x( ) ( = 1, 2, . . .), we can obtain
=̃(
, and̃( ±) take value at ( ( 0 ) +
, and̃take value at 
By (35) and the first equation of (34), (−) x( ) is solved, which decays exponentially as → −∞. Then, we can solve (+) x( ) which decays exponentially as → +∞. Inserting (35) into the second condition of (30), is solved.
The boundary value function x( 1 ) satisfies the following equations:
The solution of (36) is similar to the solution of (32). From (36), we can verify that there exists the right boundary value function x( 1 ), which decays exponentially as → −∞, and the following conclusion is obtained.
Lemma 3. Systems (32)-(36)
have the solutions x( 0 ), (±) x( ), and x( 1 ), respectively, satisfying the following inequality:
where and ( = 0, 1, 2, 3) are all positive constants.
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The Existence of Asymptotic Expansion
There are many methods to prove the existence of the steplike contrast structure for system (3) and we will prove the existence with implicit functions theorems [11] . The solutions of left and right problems can be expressed by (15) and (16) and we will prove that (15) and (16) are connected smoothly at the point of * , which is on the neighborhood of 0 . At the point of * , (15) and (16) can be expressed by
As 0 x( 0 ) and 0 x( 1 ) decay exponentially as = * , they can be neglected. Because the first two components of the solution for the left and right problems are equal correspondingly at the point of * , we can solve * by the third component (±) . Supposing that (
, we have
According to (A4), 
Example
satisfying the boundary value conditions as follows: 
The corresponding characteristic equation is given by
By (45), we can solve the following characteristic roots:
where 1
( 1 ) = 3 + 3 > 0 and 1 ( 2 ) = 3(2 − ) > 0. So the two equilibrium points 1 (−3/2, 0, −3/2) and 2 (3/2, 0, 3/2) are all hyperbolic saddle points of (43). To determine 0 , we can discuss the equations ) ,
